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Abstract 



We search a canonical basis of Dirac's observables for the classical non- 
Abelian Higgs model with fermions in the case of a trivial SU(2) principal 
bundle with a complex doublet of Higgs fields and with the fermions in a given 
representation of SU(2). Since each one of the three Gauss law first class con- 
straints can be solved either in the corresponding longitudinal electric field or 
in the corresponding Higgs momentum, we get a priori eight disjoint phases 
of solutions of the model. The only two phases with SU(2) covariance are 
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the SU(2) phase with massless SU(2) fields and the Higgs phase with massive 
SU(2) fields. The Dirac observables and the reduced physical (local) Hamil- 
tonian and (nonlocal) Lagrangian of the Higgs phase are evaluated: the main 
result is the nonanalyticity in the SU(2) coupling constant, or equivalently in 
the sum of the residual Higgs field and of the mass of the SU(2) fields. Some 
comments on the function spaces needed for the gauge fields are made. 
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I. INTRODUCTION 

In a previous paper |]J (quoted as I), we evaluated the Dirac observables for the Abelian 
Higgs model |2| with fermions, in the case of a trivial U(l) principal bundle over a fixed x° 
slice of Minkowski spacetime, for both its electromagnetic and Higgs phases. Here we will 
study the simplest non- Abelian Higgs model (see for instance Ref. ||) with fermions, namely 
the one associated with a trivial SU(2) principal bundle over a fixed x° slice of Minkowski 
spacetime with a complex doublet of Higgs fields and a set of fermion fields belonging to a 
representation p of SU(2). However, the same construction applies to every trivial principal 
G-bundle with a compact, semisimple, connected, simply connected structure Lie group G 
with suitable Higgs fields. As shown in Ref. ||, in this case one can find the Dirac observables 
of classical Yang-Mills theory with fermions, if the Yang-Mills gauge potentials belong to a 
suitable weigthed Sobolev space in which the Gribov ambiguity is absent. See Ref. [j5] for a 
review of the general methodology for finding Dirac's observables of physical gauge systems. 



II. THE LAGRANGIAN FORMALISM 



By using the notations of Ref. j|, the SU(2) Higgs model is described by the following 
Lagrangian density [A > 0, 4> > 0] 

1 



C(x) 



2 F a , u (x)Fr(x) + [2?^)]t^(i) - V{4>) + 



(1) 



where the Higgs field <f)(x) is a doublet of complex scalar fields [Djf^ means transpose 
conjugate, not adjoint] 



(j)(x) = (0i(x)) 



(I>^V( a r)) i = (^ + A,(ar))^ i (x) 
H A ^{x)]\ = <p){x){d,-X{x)) 3l 



<p\x) = (<Pl(x) <P* 2 (x)) 



— A a ^(x)T a , 



T 



<a 




a = 1,2, 3, 



V(4>) = A[0t( x )0(x) - 4> 2 f = ^(x)4>(x) + \{<P\x)<P{x)] 2 + 
= -~m 2 H tf(x)<f>(x) + \[<f>\x)<j>(x)} 2 + \4>l 



fi 2 = -2A0 2 < o, 




-2/, 2 = 4A0*, 



2V\ 




(2) 



The SU(2) generators are T a = — f T a = — (T a ) [r are the Pauli matrices]. We take fi 2 < 0, 
so that the potential V(<p) has a set of absolute minima for cf^cf) = (j) 2 , parametrized by three 
phases [see later on Eq.(|l^)], and (f> > 0, an arbitrary real number [< (f> >= <f) ^ at the 
quantum level: this is the gauge not-invariant formulation of the statement of symmetry 
breaking] . 

The gauge potentials A^(x) = A ail (x)T a = gA^x) [g is the SU(2) coupling constant] 
belong to the adjoint representation of SU(2), whose Lie algebra su(2) has the structure 
constants c abc = e abc \ we have (T a ) bc = e ahc and T a = —{T a )\ The associated field strengths 
and covariant derivatives are 



while the Bianchi identities are DjfhF^ = = \e^F a(3 ). 

The fermion fields ip(x) = (ipAa{x)) [& are spinor indices] are Grassmann- valued and 
belong to a representation p of SU(2) with generators T a = — (T a )^; the associated covariant 
derivative is 



F af iu( x ) — d^A au (x) — d u A afl (x) + CabcAfj^x) A cu (x) , F^yx) — F a ^ v [x)T' 



^iafe = Sabdy, + C abc A bfl (x) , 



(3) 



Df%{x) = {d^Af{x))i>{x) 
${x)D^ = ${x){d»-Af{x)) 
A^(x) = A afl (x)T a . 



(4) 
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The SU(2) gauge transformations, under which the Lagrangian density is invariant, are 
defined in the following way [U (x), U (x), (x), are their realizations in the adjoint, doublet 
and p representations respectively] 

A^x) i — A"(x) = U- 1 (x)A II (x)U(x) + U- 1 (x)d ll U(x) 
F^{x) h-> F"(x) = U-\x)F^(x)U(x) 
<j>{x) i-> (j) u {x) = fj- 1 {x)(j){x) 

ip(x) i-> ip u (x) = U^ ) - 1 {x)il){x). (5) 

The Euler-Lagrange equations are ["=" means evaluated on the extremals of the action 
S = J d 4 xC(x)} 

J % = %fyfT*i> - ^[f a D {A)fl - D (A) ^f a ]<p 
L M = — - d — = -\DW»DM<rf - ^^=0 



Lch*i — tt— — d, 



■ )C ° C = -p<^>*-^=0. (6) 



90j "sa^- 

In absence of fermions, the solutions for the gauge potentials and the Higgs fields, cor- 
responding to the vanishing of the Q°°(x) component of the energy- momentum tensor [see 
later on Eq.(|T5|)1 and therefore of the total energy, are 

V(^0 ^0t (x)0(x) = 2_ (7) 
One such configuration is: A a ^(x) = and = (f> [with (fi a given doublet, for instance 

- M 

4> = ]. If in a certain region of spacetime one has F aflu (x) ^ {or =)0 but the other 



two equations (0) satisfied, one says that the fields are in the "Higgs vacuum" ; see Ref. || 
for the use of this concept in the theory of non-Abelian monopoles. 

Always in absence of fermions, the solution for the Higgs fields which is an absolute 
minimum of the potential V(<f>) is (see the next Section for the geometrical interpretation) 

am*. 

While the second equation has the two solutions = and <fi = O , from the first equation 
we get 0=[D(f \ D^]cj)(x) = F a ^ u (x)T a (j)( y x). Therefore, we get, besides the solutions either 
= and F ^ or = O and F = of the Abelian case, the solution in which the 
components of F afJ/U corresponding to the generators of the unbroken subgroup H C G are 
non-zero; but in our case H=0. Conditions like Eqs.® are imposed on the background 
fields 0, when the system is studied in an external field (A^ i— > A^ xt ^), together with the 
requirement ext ^F^^ix) = (this implies that the external gauge field is Abelian up 
to a gauge transformation). 

III. DIFFERENTIAL GEOMETRIC SETTING 

From a geometric point of view, see Refs. HU, i n spontaneously broken gauge theories 
with symmetry-breaking Higgs fields one has: 

i) A principal G-bundle P(M,G) over Minkowski spacetime M [or over one its fixed x° slice 
R 3 ], whose standard fiber is the structure group G [a compact, semisimple, connected Lie 
group]. We shall consider only trivial principal bundles P = M x G and simply connected 
groups G. A connection on P is described by a connection one-form uo over P and with 
each global cross section a: M^P = MxG is associated a global gauge potential 
A fl (x)dx' 1 = A afM (x)T a dx^ = cr*uj, which is a one-form over M. The group Q of gauge 
transformations connects all the gauge potentials on the same gauge orbit, associated with 
the given connection one-form u on P, by considering all the possible global cross sections 
cr : M — > P (therefore P = M x G can also be considered as the group manifold of Q). 
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ii) A bundle associated to P = M x G, over M with the same structure group G 
and whose standard fiber is the vector space (with Grassmann-valued vectors as elements) 
of a representation p of G with generators T a ; its global cross sections describe the fermion 
fields ip(x) of the model. 

iii) A bundle E, associated to P = M x G, over M with the same structure group G, 
whose standard fiber F is the vector space of a representation p of G with generators T a ; 
its global cross sections are the complex scalar (generalized) Higgs fields on P of the model 
HI , which can also be described by special maps : P — > F [called tensorial 0-forms in Ref . 



IjJ]; the usual Higgs fields on M are : M — > F, = a*<f), a : M — ► P. When F is only 
a manifold (usually it is a vector space) with a G-action, the (generalized) Higgs field is 
called a "symmetry-breaking Higgs field" if : P — > F maps all of P onto a single G-orbit 
£ with dim £ > 1 (more in general onto a union of G-orbits) of the G-action of G on F and 
each point of the G-orbit £ has an isotropy (or little or stability) group H C G under the 
G-action; the spontaneously broken symmetries are the elements a G G, a ^ H, because 
a : O G £ i— > 7^ O , where O is a reference point in £ (called a "vacuum state" at the 
quantum level). This means that : P — > F identifies in P = M x G a residual symmetry 
group H C G [b G H =>• b : O G £ i— >■ O ] and a corresponding subbundle Q = M x H 
[Q must be such to satisfy the fundamental hypothesis that g = h © M. with g the Lie 
algebra of G, h the Lie algebra of H and M. a complementary space (with respect to an 
adjoint-invariant scalar product on g) invariant under the adjoint action of H]. 

On M one adds to the Yang-Mills plus fermion Lagrangian density a term 
[D^0] D^ A ^(j> + V((f)) with V((f)) a suitable potential and looks for the subset of solu- 
tions of the Higgs Euler-Lagrange equations satisfying D^cf)=Q and =0; the potential 
V(0) must be such that it admits an absolute mininum (assumed equal to zero) for all those 
values of corresponding to symmetry-breaking Higgs fields: namely y _1 (0) is spanned by 
= <7*0 with : P — > £ C F. The condition Djf^(j) = |ID| of being covariantly constant 
with respect to the connection u associated with the gauge potential is the necessary and 



sufficient condition 11] so that the connection uo on P = M x G be reducible to a connection 



uj on the subbundle Q = M x H. If i : Q — ► P is the inclusion map, one has = c<j + 7 
with u a connection one-form on Q and 7 being called a "tensorial one-form of type //', 
where /x is the representation of H on induced by the representation p of G. See Ref. 



T2||, for the description of spontaneous symmetry breaking with the Higgs mechanism in 



the context of general relativity. 

In physical terms HJT3|] 7 describes the massive gauge fields (whose mass depends on the 
representation p of G), while u is the connection associated with those gauge potentials 
which remain massless; if A afl (x) are the original gauge potentials, with a = 1, ..,dimg, 
and if b = l,..,dimh labels the generators of h, {A^, .., Adimhn} are the massless gauge 
potentials and {A dimh+lfl , ..,A dimg ^} are the massive ones. 

Note that in this geometrical construction one never speaks of massless Goldstone bosons 
(with the quantum numbers of the broken generators at the quantum level) associated with 
the spontaneous symmetry breaking from G to H (here G is regarded as the global rigid 
symmetry group contained in the group of gauge transformations Q Q); as shown in Ref. |nj 
the Goldstone bosons (and the associated infrared singularities) are hidden in the unphysical 
gauge degrees of freedom of the model (they are a subset of the Higgs fields) present in gauge 
theories due to the Gauss' laws. As we shall see in the last Section, the discussion of the 
Gauss law first class constraints is not trivial as in absence of spontaneous symmetry breaking 
with the Higgs mechanism: the reduction to Dirac's observables (equivalent to the unitary 
gauge but without the introduction of any gauge-fixing) elucidates the real meaning of the 
statement "the would-be Goldstone bosons are eaten by those gauge bosons which become 
massive". After the reduction one is left with only a subset of physical Higgs fields which 
depend on the original representation p of G. 

In this paper, we shall consider the simplest case of G=SU(2) and H=0, so that P = 
M x G is reduced to Q = M x {0} and no massles gauge fields are left. 
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IV. THE HAMILTONIAN FORMALISM 



The canonical momenta implied by the Lagrangian density (|l|) are 
„. , dC(x) 



dd tp Aa (x) 2 
d£(x) i 
dd ij Aa (x) 2 



They satisfy the standard Poisson brackets 



{A atl (x,x°),7r» b (y,x°)} = 8 ab 8»5 3 (x-y) 



{ip Aa (x,x ),ir B p(y,x )} = {ip Aa (x,x°),ir Bf3 (y,x°)} = -5 AB 5 aP 5 (x - y) 
Mx,x°),n^(y,x°)} = {^x^tt^^x )} = 5 l3 5\x-y). (10) 

Following Ref. [Q, the second-class constraints iz Aa {x) + ^{^{^)lo) Aa ~ 0, 7t Aa (x) + 
^iloi^ix)) Aa ~ 0, are eliminated by going to Dirac brackets; then the surviving variables 
ipAa{x),4> Aa {x) satisfy (for the sake of simplicity we still use the notation {., .} for the Dirac 
brackets) 

{lp Aa (x, X°), 4>Bp(V, X°)} = -i(j°) a pS AB 5 3 (x - y) 

{ip Aa (x, x°), ^ B p(y, x°)} = {4> Aa (x, x°), $ B p(y, x°)} = 0. (11) 

The resulting Dirac Hamiltonian density is (after an allowed integration by parts; A ao (x) 
is a Dirac multiplier) 

n D (x) = W[g 2 n 2 a (x)+g- 2 B 2 a (x)} + 

^ n 
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+ l -i)\x)[a ■ (d + A {p \x)) - 0-A ip) (x))-a]ip(x)+mip(x)ip(x) + 

+ 7r^(x)7f^(x) + [D^^ix)], ■ [D^^x)], + A(0 t (x)0(x) - <f) 2 ) 2 - 

- A ao (x)[-d ■ n a (x) - c abc A b (x) ■ tt c (x) + iip^ (x)T a i/;(x) + 

+ % ^^){r a ) i] (P j (x) - 7r^ i (x)(r a ) ij 0*(x))] + A ao (x)<(x). (12) 

where B k = — ^e tjk F l j. 

The time constancy of the primary constraints vr°(x) « yields the Gauss law secondary 
constraints 

r a (^) = -d ■ 7t a (x) - c abc A b (x) ■ tc c (x) + iip ] (x)T a tp(x) + 

+ ~[^(z)(r%<^) - ^j(r%<P*(x)} « 0. (13) 

The r a (a;)'s are constants of the motion and the six constraints tt°(x) ~ 0, T a (x) ~ are 
first class with the only nonvanishing Poisson brackets 

{T a (x,x°),T b (y,x°)} =c abc T c (x,x°)5 3 (x-y) (14) 

The equations T a (x) = 0, namely the acceleration independent Euler-Lagrange equations 
of the model, are ambiguous. They can be thought either as elliptic equations in the non- 
Abelian electric fields 7T a (x) = g~ 2 E a (x) or as algebraic equations for three of the Higgs 
momenta 7r^i(x), tt^* i(x). Since each equation has this ambiguity, we find that the model 
admits eight (modulo identifications) disjoint sets of solutions (the space of solutions has 
a nontrivial zeroth homotopy group) of the Gauss laws and, therefore, eight inequivalent 
phases. Only two of these phases preserve SU(2) covariance: i) the SU(2) phase, in which 
all the three equations are solved in n a (x) and in which the SU(2) fields remain massless; ii) 
The Higgs phase, in which all the equations are solved in the Higgs momenta and the SU(2) 
fields become massive (spontaneous symmetry breaking through the Higgs mechanism). See 
after Eq.(|2~3|) for more details. 

Let us make a digression on the choice of the boundary conditions on the various fields. 
Since the conserved energy-momentum and angular momentum tensor densities and Poincare 
generators are \a pv = \ [7^,7"], a' 1 = ^e ljk a jk , a = 7°7, P = J°) 
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W(x) = g-\Fr{x)F ac ?{x) + -^Ff{x)F aaP {x)) + 

+ l -^(x)[^D^ P) > - D^ v >f]il>(x) + 
+ (D^y(x)) j D^>(f)(x) + (D^ u (f)(x)) j D^y(x) - 
- ^[(D^ a <P(x)) ] D^ a <P(x) - V(<j>)], 
M^{x) = x a e^(x) - x^e^ix) + ~ij{x){^a al3 + ^VM^), 
d v O v »(x)=Q, d„M^{x)=0, 

p» = J d 3 xO°^{x, x°), 
= J d 3 xM otMU (x, x°), 

P° = jd 3 x{\ J2ig 2 n 2 a (x, x°) + g- 2 B 2 a (x , x°)\ + 

+ 7i^x,x°)^(x,x°) + {DW<f)(x, x°) f ■ 3W<P(x, x°) + V{4>) 
+ y*(x, x°) [D^° - D^°]ij){x, x°)} 

P i = J d 3 x {(n a (x, x°) x B a (x, x°)f + 

+ 7r^(f,z )L>^V(£, x°) + (D (A) >(£,x°))V(^ x°) + 
+ Z -^(x, x°) [D^* + D( A(p) V]iP(x, x°)} 

Ji = _ e iJkjjk = J d 3 x ^ x (7f a (f )X °) x B a {x,X°))} 1 + 

+ [xx (tt^x^^D^^x^x ) + (z3 (A V(£,<0W(^<>)f + 
+ ^(x, x°) [x x (D {Aip)) + D (A<P)t )] V(f , x°) + 
+ x>V(x,x°)} 
K* = J oi = x°P i - J d 3 x x^ 00 ^, x°), (15) 

following Ref. ||, we will assume boundary conditions [r = \x\] A ao (x, x )^^^ a Q /r 1+e , 
l a (£,x°H™a a /r 2+e , p° a /r 1+ * + 0(r- 2 ), 7i a (x, x°) -v-^ e a /r 2+ * + 0(r- 3 ), 

X ao (x, e ao /r 1+e + 0(r- 2 ), ^(x, « X /r 3/2+t + 0(r- 2 ), <f)(x, const. + 
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if/r 2+e + 0{r 3 ) [the constant allows the existence of minima O of the potential 
V (</))], K4,(x,x°)^ r ^ O0 C/r t+e + 0(r~ 3 ), so that r o (f,iV™7a/r 3+( + 0(r" 4 ) and the 
Poincare generators are finite. If we assume that the gauge transformations behave as 
U(x, x^—^r-too const. + 0(r~ l ), x )^ r ^oo const. +0(r~ 1 ), U(x, x )^^^ const. 1 + 

0(r _1 ), the previous boundary conditions on the fields are preserved by the gauge trans- 
formations and the non-Abelian SU(2) charges (see the last Section) transform covariantly 
under them [|J. Let us remark that the previous boundary conditions are adapted to the 
fixed x°, not Lorentz covariant, Hamiltonian formalism; however, they become natural in 
its covariantization based on the reformulation of the theory on spacelike hypersurfaces 



Let us make a technical remark about the choice of the function space the Yang-Mills 
gauge potentials belong to in spontaneously broken gauge theories with the Higgs mecha- 
nism. As in Ref. 0, we consider only trivial principal bundles and we exclude monopole 
solutions, but now it is not clear what to do with the Gribov ambiguity, because the con- 
dition Djf)(j)(x) = of Eq.(|3|) for the reducibility of the connection uj on P = M x G to a 
connection u D on the subbundle Q = M x H (here Q = M x {0}) implies the existence of 
gauge symmetries (nontrivial stability group of a gauge potential) so that the needed space 
of connections on P = M x G cannot contain only fully irreducible connections [as shown in 
Ref. ||, only in this case the Gribov ambiguity is absent (the stability groups of the gauge 
potentials (gauge symmetries) and of the field strengths (gauge copies) are trivial) and this 
is obtainable by the choice of special weighthed Sobolev spaces]. If we formulate the theory 
in ordinary Sobolev spaces, as it is usually done, we do not have problems in the Higgs 
phase, because there the reduction associated with the Gauss' laws first class constraints 
is purely algebraic. The problem with the Gribov ambiguity arises in the reduction of the 
SU(2) phase and of the mixed non-SU(2)-covariant ones. However these phases are not 



physical, so that we do not worry about them [however there can be a cosmological use ||17|| , 
for explaining the observed cosmological baryon density, of the phase transition restoring the 
ordered SU(2) phase from the disordered Higgs one (what about the mixed phases?)]; see 
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also Ref. 0] for the phase transition restoring the SU(2) symmetry in presence of a constant 
external electromagnetic field. The only problem is that the formal proofs of renormaliz- 
ability need all the phases and, therefore, they have to face the problems connected with 
the Gribov ambiguity. 



V. THE HIGGS PHASE 



In this paper we shall study only the Higgs phase, because the SU(2) phase can be 
reduced by combining the methods of Ref. |],|J. 

The parametrization of the Higgs fields suitable to the Higgs phase and realizing the 
spontaneous symmetry breaking by a choice of a reference point in the degenerate set of 
minima of the classical potential V{(ft) 



is 



(f)(x) 



D f a e a (x) 







\ 



( 



f a 9 a (x) 



V2 







v + H(x) 



\ 



Uo(x)4>(x) 



T a 6 a (x) = -i--6(x), 



v = V2(j) , (j>(x) = 

^h/r 2 ^ + 0(r- 3 ), 9 a (x,x°) 



(16) 



V 1 / 



2+€ 



+ 



with 6 a (x),H(x) real fields [H(x, x )— >, 
0(r- 3 )]. 

The value = is not covered by these radial coordinates; for the sake of simplicity 
we take a positive value <p > for the arbitrary symmetry breaking reference point in the 
set of minima of the potential: this set is spanned by varying the angular variables 8 a , so 
that the # a 's are the would-be Goldstone bosons; the symmetry group SU(2) is completely 
broken and there is no residual stability group of the points of minimum. 

The parametrization of Eq.(|T6D requires a restriction to Higgs fields which have no zeroes, 
namely (ft (x)(f>(x) ^ [H(x) ^ — v = — v20 o ]) an d with nonsingular phases 6* a (o;)'s because 
we assumed a trivial SU(2) principal bundle. The analogue of the quantum statement of 
symmetry breaking, i.e. that the theory is invariant under a group G but not the ground 
state, is replaced by the choice of the parametrization flUf) with a given O , i.e. by the choice 



13 



of a family of solutions of the Euler-Lagrange equations associated with Eq.(|l]) not invariant 
under SU(2). 

Since the parametrization has the form of a gauge transformation, we have 



Df4>(x) = U e (x)Df%(x) = U e (x)\^d,H(x) + fa + ±=H(x))Af(x)\ 
[Df^ = ( 1 ) l^H(x) - fa + -Lh(x))A?(x)\U;\x), 



( \ 



V 1 / 



t^A _ It 



By using rV = 5 ab + *e abc r c , ( 1 ) T C T 



(17) 



V 1 / 



4(1 + r 2 ) cd) e^ h = e-^» 



cos f - isin \h b r h [with J^b^l = 1, 9 = J9\ + 9\ + 0f, n a = 9 a /9], we get 



A U °(x) = U e \x)[A a ,(x)f a + d.peix) 



2 9{x) 



{[cos9(x)5 ab + Isin -^-n a (x)n b (x) + sin9(x)e abc h c (x)]A bfi (x) + 



d9(x) . .dn a (x) 
+ [n a {x) — — h sm9(x) — — 2sm 



d0 h 



39 b 



- ' e acd n c {x)^^)d^9 b (x)}l ™, 



d0 h 



(18) 



l)[A u Mx)A u *»(x)\ 



V 1 / 



-~[A afX (x) + 



99(x) . „, , 
+ (n a (a;j— — h sin9[x) 



89 b K ' 39 b ' ' 2 

so that the Lagrangian density ([]]) becomes 
1 



4# : 



',Fafiv{x)F^ (x) 



+ \(<J )o + -^H(x)) 2 x 
89 (x) 



dh a (x) 



09 b 
A 



[^(s) + (^a(x)^P + sm^)^p + 2sm 2 6 Me^n c (x)^^)d^9 b (x)] 2 + 



dn d (x) 



(19) 



+ - ^ 2 (x)(i=iJ(x) + 20 O ) 2 + 



+ 2^( x )[^( 9 m + A a ^x)T a ) - (d„ - A a/t (x)T a ) 7 ^]^(x) - m$(x)if>(x), (20) 
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The new Higgs canonical momenta are 
dC{x) 



TT H (x) 



dd H(x) 



= d°H(x) 



dC(x) 1 . , 1 TT . , l2 
V ab (e(x))[A ob (x) + V bc (6(x))d 6 c (x)], 



V ab (6(x)) = n a {x) 



v- b \e{x)) 



— + 8tn e(x)- B§ - 



. 2 9(x) „ 
+ 2sm -—e acd n c {x) 



dn d (x) 
d9 b 



= n a (x)h b (x) + 



sindix),^ , 2 0(a;) n c (x) 

fl / \ (<U - n a (x)n 6 (xj) - 2sm — — e abc — -— 
V[x) 2 V[x) 

n a (x)n 6 (x) + ^-cot -^-(<U - n a (a:)n 6 (x;) + -^-e abc n c {x) 



d 9 a (x) = V oh \6{x))[V b -\6{x))- 



2tt, c (x) 



(0o + ^(x)) : 

The relation between the old and the new Higgs momenta is 



- A ob (x 



TT^X) = ( 1 ) [^jfH{x) - (0 O + ^ H ( X )) X 

0(x) 

[cos9(x)5 ab + 2sin 2 -^-h a (x)h b (x) + sin 9(x)e abc h c (x)]A bo (x) + 



r „ , d9(x) . „, .dn a (x) 

+ M*)-Ai + ™,«(*)-^i 



. 2 #(^) * / x 

2s%n ——€ acd n c {x) 



dn d (x) 
d6 h 



]V b -\0(x)) x 



[V-^Oix)) — 2 -^M ^ - A ro (x)]}ne-^ fd 



(<f>o + j= 2 H(x)y 



np(x) = e e ^[^=7r H (x) + {4>o + ^H{x)) x 



■V2 



V2 



6(x) 

[cos9(x)S ab + 2sin 2 —^-h a (x)h b (x) + sin 9(x)e abc h c (x)]A bo (x) + 



dO{x) 



+ [n a (x)— + sine(x)- d()b 



dn a (x) . 2 6{x) A 

- 2sm ——e acd n c (x) 



dn d (x) 
d9 b 



\V»\0{x)) x 



Ks\o{x)) 



27re s {x) 



(<p + j= 2 H(x)y 



A ro (x)]}f a ] 



V 1 / 



The new Dirac Hamiltonian density is 
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+ [2V-\9(x)) - V^{e{x))\V^{6{x)) ( ^; ( 1^[^ )2 + 
+ Ifo, + ^^W] 2 E + K&(W A(x)] 2 + 

+ ^(x)[7- (9 + l a (x)T a ) - (9-l a (x)T a ) -7]^(x) +m^(x)^(x) - 
^) 

- A ao (x)[-L> a6 • 7f b (x) + #(x)7°T>(x) + ^(x)^; 1 ^^))] + A ao (x)<(x). (23) 

The Gauss law secondary constraints take the form 

T a (x) = -8 ■ 7? a (x) - c abc A b {x) ■ tt c (x) + ^t(x)T>(x) + ^ x )V ha 1 {9(x)) « (24) 

which can be trivially solved in the Higgs momenta ^(x). 
We can now see explicitely the existing phases: 

i) the SU(2) symmetric phase, with no broken generator and all the fields A afl massless, in 
which Eqs.(f24"l) is solved for n a . 

ii) 3 phases with SU(2) broken to two not-commuting U(l)'s [one broken and two unbroken 
generators], in which Eqs. (|24"D are solved in two of the 7r a 's and one of the 7re a 's. The three 
phases are: a) A^, A 2fl massless and A 3fl massive; b) A 3 ^, A^ massless and A 2fl massive; 
c) A 2fl , A 3ll massless and Ai^ massive. Naturally there are many more possibilities, because 
one could choose any combination of the A a ^s as the massive field. 

iii) 3 phases with SU(2) broken to U(l) [two broken and one unbroken generator], in which 
Eqs.(|24]) are solved in one of the 7r a 's and two of the vr ea 's. The three phases are: a) A^ 
massless and A 2fJi , A 3fl massive; b) A 3fJi massless and A^, A 2fl massive; c) A 2ii massless and 
A 3lll Aip massive. Again it is arbitrary which combination of the A a ^s is chosen to remain 
massless. 

iv) the Higgs phase with SU(2) totally broken and all the A afl massive. Eqs. fl24|) are solved 
in the 7r ea 's. 

Instead of going on with the search of Dirac's observables with respect to the first class 
constraints vr°(x) ~ 0, T a (x) ~ as in the first method of I, we shall use the easiest 
alternative path corresponding to the second method of I. Since the Lagrangian density C(x) 
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is invariant under gauge transformations, let us do the field-dependent gauge transformation 
Uf (x) [like for going to the unitary gauge] on Eq.fllBp. The final result is 

+ l -d,H{x)d»H{x) - 2(0 o v / A) 2 tf 2 (*)(l + ^~H{x)f + 

+ ^'(x)[Y(d, + K,(x)T a ) - (0„ - / afl (x)T a )^' (x) - m^'(x)^(x), (25) 

with the new Lagrangian density depending only on the configuration variables 

K,(x) = (AV°(x)) a 
ip (x) = Ug 1 (x)i/)(x) 

H(x). (26) 

The new canonical momenta are 

n a °{x) = 

K( x ) = 9~*K( X ) 

Tr H (x) = d°H(x), (27) 
plus the fermion momenta. The resulting Dirac Hamiltonian density is 

n D (x) = Wi9% 2 (x)+9- 2 B' a 2 (x)]- 

Z a 

- 0o(i + -^-H^y EKo (*) - a: 2 (x)} + 

V20o a 

+ + [dH(x)f} + 2(0 o v / A) 2 # 2 (*)(l + l^H{x)f + 

+ ^'(z)[7- (d + A' a (x)T a ) - (d-A' a (x)T a ) -^'(x) + m$ {x)^' {x) - 

I (A') 

- Ko(x)[-D ab ■ n b (x) + ii,'\x)T a 4,\x)} + \ ao (x)ir a °(x). (28) 

The time constancy of the primary constraints t^'°{x) ~ generates the secondary con- 
straints 
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Ux) = 2[0 O + l=H(x)] 2 A' ao (x) - d ■ T?' a (x) - c ab J b (x) • <(x) + ii>'\x)Ty\x) » 0. (29) 

The time constancy of the onstraints ( a (x) determines the three Dirac multipliers 
A ao (x). Therefore, we get three pairs of second class constraints tt'°(x) ~ 0, ( a (x) ~ 0, 
eliminating the three pairs A„ (x), vr^°(a;), of canonical variables by going to Dirac brackets. 
The final canonical basis of Dirac's observables is 

^ a (x), K( x ) = 3~ 2 E' a (x), H(x), ir H (x), i>' Aa (x), i>' Aa (x)] (30) 

the physical fields A a , ij) , have been dressed with a cloud of Higgs would-be Goldstone fields 

e a (x). 

By going to Dirac brackets with respect to the second class constraints, we find the 
physical reduced Hamiltonian density of the Higgs phase [we rescale the fields: A a i— > 
gA a ,gn a = g~ x E' a i-> n a = E a ,ip' i-> ip so that F a[iV = d^A ai/ - d v A aph + gc abc A bil A cv and 
A ao = \[d ■ 7?„ + c a6c l fc • 7f c - ig^T a 4>]/ 'g 2 [<f> + ^H] 2 } 

H im ^\x) = ±XK(s) + 5 a 2 (x)] + ^ (1 + -^#(:r)) 2 £^(:r) + 



a 



+ + (^)) 2 ] + \m 2 H H 2 (x)(l + ^#(*)) 2 + 

[d- TT a (x) + gc abc A b (x) ■ tt c (x) - igifi (x)T a ip(x)] 2 
V 2m 2 A [l + if A H(xW 

+ l -i>(x)tf-0+gA a (x)T a ) - (d-gl a (x)T a )-^(x)+m^(x)iP(x), (31) 

where the original parameters O , A, have been replaced by the masses of the gauge and 
residual Higgs fields 

m A = V2\g\<fr , m H = 2(p V\, 

ttia , q 2 m 2 „ , . 

V%| 2mi 

We see that the Hamiltonian is local, because the Higgs mechanism produces a local, 
even if not polynomial, self-energy term. However, this self-energy term yields a non-local 
relation between d°A and n a (like in the Abelian case of I) 
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d°Ai(x,x°) = {Al(x,x°),J d^/K^ (!/.,■■■)} 



+ d 



-K(x,x°) + 

j d ■ 7r a (x, x°) + gc abc A b (x, x°) ■ 7r c (x, x°) — igif)^(x, x°)T a ip(x, x°) 



(m A +\g\H(x)y 



K(x) = -d°A* a (x) 



° l A + (m A +\g\H(x)y X 

[d ■ d°A a {x) - gc abc A b {x) ■ tt c (x) + 2^ t (x)T>(x)], 
zii\x,x°) + (m A + \g\H(x,x )) 2 ^]A ' 



A J A + (m A + |#|#(f,x°)) 2 
(d°<9 • A b (x, x°) - gc buv A u (x, x°) ■ t?„(x, x°) + z^fc x )T b tfj(x, x°)) = 

= d°d- A a (x, x°) + gc abc A b (x, x°) ■ d°A c (x, x°) + ig^{x, x°)T>(£ , x°), (33) 

Here zj£ is the following operator [see Eq.(3-12) of the second paper in Ref. PJ for the 
determination of its Green function G[f a p] 

Z^\x, x°) = 8 ab + gc abc A c (x, x°) ■ — , 

Z£\2, x")G ( % Z \x, y; x°) = 5 ac 6 3 (x - y), 
G^ b \S, y; x°) = -d x ■ y; x°) = 

= -d x ■ [c{x - y){pJ* d ^' x ° )fu U] (34) 

with the path ordering along the flat geodesic and with c(x) = ^5 3 (x) = 47r ^ 3 . 

To invert the operator Z^' + 5 ab (m A + \g\H(x)) 2 j^, we need its Green function G^' Z \ 
which is given by (assuming that the perturbation of the Higgs field is small so that the 
series converges) 

G (A,Z) = G (A,Z) _ G (A,Z) TG (A,Z) + G (AZ) TG (A,Z )TG (A,Z) _ 



T ab (x,x°) = {m A + \g\H{x,x°)) 2 ^-. (35) 



Finally we get 
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<(*) = -d°Al(x) - J d 3 yG { a t Z) (x,y;x°) 

(d°d y ■ A a (y, x°) + gc abc A b (y, x°) ■ d°A c (y, x°) + ig^(y, x°)T a ^(y, x°), (36) 



and a nonlocal Lagrangian density describing only the Higgs phase 



Cf™ s \x) = ^{x)[id° -a-(id + el a (x)T a ) - f3m]^{x) - 
~\[^-J d 3 yG { a t z \x, m x°Wd y ■ A b (y, x°) + 
+ gc buv A u (y, x°) ■ d°A v {y, x°) + ig^(y, x°)T b ^{y, x°))} x 
(A + (m A + M#(f,x ))[^- J SzG^ z \x, z; x°) 

(d°d z ■ A c (z, x°) + gc crs A r (z, x°) ■ d°A s (z, x°) + ig^(z, x )T c ^j(z, x°))\ - 
~ + ^H{x)f E % (x) ~ \ E Bl{x) + 

1 m A a 2 a 

+ \d,H(x)d»H{ X ) - ^# 2 (*)(1 + ^-H{x)f. (37) 

Let us remark that in those points x^ where H(x) = — m,A/\g\ = —V^<Po [which were 
excluded to exist not to have problems with the origin of the radial coordinates of Eq. 
we would recover massless SU(2) gauge theory, so that the numerator of the self-energy term 
in Eq.(|3"2"D must vanish, being the Gauss law of the massless theory. Therefore we should 
not have a singularity in these points, but new physical effects like non-Abelian vortices 
18| in analogy to the Nielsen-Olesen vortices of the Abelian case (see I); however now one 



needs to consider nontrivial SU(2) bundles even in absence of non-Abelian monopoles ||[19 



See also Ref. f20]| , where there is mass generation without the Higgs mechanism from the 
requirement of integrability (absence of essential singularities) of the equations of motion. 

Let us remark that the self-energy appearing in Eq.(|3TD is local and that, in presence of 
fermion fields, it contains a 4 fermion interaction, which has appeared from the nonperturba- 
tive solution of the Gauss laws and which is a further obstruction to the renormalizability of 
the reduced theory (equivalent to the unitary gauge, but without having added any gauge- 
fixing), which already fails in the unitary physical gauge due to the massive vector boson 



propagator not fulfilling the power counting rule; as said in Ref. |T3[], this is due to the fact 
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— * — *f 

that the field- dependent gauge transformation relating A and A in Eq.(^) is not unitarily 
implementable. It is interesting to note that all the interaction terms of the residual Higgs 
field H{x) in Eq. (|32|) show that it couples to the ratio \g\/rriA- 

As in the Abelian case of I, one can consistently eliminate [^TJ the residual Higgs field 



H(x) by adding with a multiplier the constraint H(x) ~ at the physical Hamiltonian: its 
time constancy would produce the constraint 7Th{x) ~ 0, and (9°7r^(x) ~ would determine 
the multiplier; the final Hamiltonian density would be 

n^\x) = W\9 2 t{*)+9- 2 Bl{x)\ + Iml^AKx) + 

Z a Z a 

[d- ?r a (x) + c abc A b (x) • tt c (x) - ig^(x)T a ip(x)} 2 
+ 2m\ 

+ ■ + gA a {x)T a ) - 0-gA a (x)T a ) ■ ^(x) + rmfj(x)^(x), (38) 

The elimination of H(x) reproduces the reduction to Dirac's observables of the mas- 
sive non-Abelian vector theory (like in the Abelian case of I) or Proca field theory, whose 
Lagrangian density, in absence of fermions, is (see for instance Ref. ||22| ) 

C (ma Ss)(x) = _T_ Fa ^ x)Fr(x) + \ M 2 A a ,(x)A»(x). (39) 

The elimination of H(x) can also be thought as a limiting classical result of the so- 
called "triviality problem" [triviality of the A0 4 theory |2"3"|], which however would imply a 



quantization (but how?) of the Higgs phase alone without the residual Higgs field, so that 
also its quantum fluctuations would be absent. Instead these fluctuations are the main left 



quantum effect in the limit m# — > oo, which is known to produce p4 |, in the non-Abelian 



case, a gauge theory coupled to a nonlinear a-model, equivalent [^2| to a massive Yang-Mills 



theory. Indeed, in absence of fermions, the Lagrangian density (jl]) can be rewritten in terms 
of a linear SU(2) L x SU(2) R a-model [A = m|/4<^] 

C(x) = -\F a , v (x)Fr(x) + [^rf^i) - ^|[0t(x)0(x) - cfcf = 

= -\F a ,„(x)Fr(x) + \tt [D^M\x)D^M{x)\ - ^\\tt M\x)M(x) - 

21 



M{x) 



(fa (x) -<g(x) ^ 



a(x)+iT-i(x). (40) 



yfoix) <f>l(x) J 

For rriH — * oo one has M^M —>■ <p 2 (i.e. H(x) — > 0; strongly interacting symmetry 
breaking sector), so that one gets M(x) = <f> Q U(x) with Wlf = 1 and £ — ► — \F 2 + 
^Tr [D^JT+D^C/], which is the Lagrangian density of the nonlinear SU{2) L x SU{2) R o- 



model (broken to SU(2) L+R by WU = 1) with either U(x) = e*'^ or U{x) = \J 1 - C 2 (x) + 
if • ((x). 

As in I, one could add to either Eq.(|l]) or Eq. (|39|) a term ^dA ao (x) ■ dA ao (x) [which 
could be made Lorentz-covariant by reformulating the theory on spacelike hypersurfaces 
|4]J15|Jl|1, so that the local self-energy terms in Eqs. (|31|) and (|38| ) would be replaced by 
| [d ■ n a (x) + c abc A b (x) ■ vf c (x) - igift (x)T a ijj{x)] — -y— l w - — [d ■ n a (x) + c abc A b (x) ■ 7r c (x) - 
igift (x)T a ip(x)} and \ [d- n a (x) + c abc A b (x) ■ n c (x) -igip ] (x)T a ^(x)] [d- 7? a (x) + c abc A b (x) ■ 
7r c (x) — igip\x)T a %l)(x)] ) respectively. 

VI. COMMENTS 



i) As in the Abelian case of I, the covariant R-gauge-fixings [£5 



^ ¥ W + ^)~0, (41) 

used in the proof of renormalizability and in the evaluation of radiative corrections, are 
ambiguous like the Gauss laws: they can be solved either in the Higgs fields (would-be 
Goldstone bosons) 9 a (x) [Higgs phase] or in A ao (x) [SU(2) phase] or in a mixed way [the 
other four mixed phases]. It turns out that in the proofs of renormalizability one is mixing 
all the existing disjoint phases (all of them are not physical except the Higgs one; at most 
the SU(2) phase could be relevant in cosmology, but not the mixed non-SU(2)-covariant 
ones), and only at the end, in the limit £ — > oo, one is recovering the Higgs phase. 

ii) Let us now consider the non- Abelian SU(2) charges, whose existence is implied by the 
Yang-Mills Noether identities @,§6]. 
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The gauge invariance of C(x) under the infinitesimal gauge transformations SA atl (x) = 
d ll a a {x) + c abc A bfl (x)a c (x) = D^a b (x), 5ip(x) = -a a (x)T a ip(x), 54>(x) = ip(x)a a (x)T a , 
6<f>(x) = —ia a (x)T a (f)(x), 5$ = icfi a a (x)T a , produces the Noether identities 



dC . . dC ro , , 7 dC ro - dC 



. . dC , dC dC . , dC ro , 

= g~ 2 L£5A atl + - L^<fy + 50* L 0t l + L^<tyi + 



G» = a a GS a + d u a a G% = 

= -g- 2 F^5A au - l -[5$Yi> ~ $-y»6rl>] - [D^<^5<j> + 5^D^4> 

G» v = —n~ 2 F^ v 

^ oa if a 

Gi a = -g~ 2 c abc FrA cu - i^T^ + [D^<f>ff a <f> - ^f a D^<p = 

= ~9 c abcF b A cv — J% 



d,G» = d»d„a a GZ + d„a a [d„G2 + G£J + = 

= -g- 2 L»5A a , + - 6$Lj - L+Mi ~ Wi V i=0. (42) 

The last line implies the Noether identities [(/w) and [//i/] mean symmetrization and 
antisymmetrization respectively] 

Gt u) = 

d v GZ = -Gl + <T 2 L£ = g-\L» + c^F^A*) + ^7 M T> + ^f a D^y - [D^^fy 
d,Gt a = g- 2 c ahc A b ^ c + L^T> + ipT a L^ + L^T>, - <j)*f a L^ ±0 (43) 

and, from the last two lines of these equations, the contracted Bianchi identities 

Df>If - g 2 f a (L^T a ij + ijT a L^ + L+if'fa - cj>*f a L^ t ) = 0. (44) 
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The following subset of Noether identities reproduces the Hamiltonian constraints 

< = Gt o) = 

= = -r a - g- 2 L°= - T a . (45) 

The strong improper conservation laws [EH] d^VJ^ = 0, implied by Eqs.(fi5D, identify the 
strong improper conserved currents (strong continuity equations) 

-V» = d v G2 = g~ 2 d„F^ = d u U^ =£= g~ 2 c abc FrA cu + JZ = 
= g~ 2 c abc F^A cu + ijyfT**!) + [D^<$f a <f) - <p ] f a D {A)tA <p = 
= -Gt a = g-\ ahc F^A cv +f Fa + f KGa , (46) 

with the superpotential = —g~ 2 F afJ " u . In the last line, jp a = iip'j^T a ip and j^Ga = 

[D^ A ^(j)]^T a (f) — <j)^T a D^ A ^(j) are the charge currents of the fermion field and of the complex 
Klein-Gordon Higgs fields respectively, while J£ is the total current of Eq.(|6|). 

The associated weak improper conservation laws are d^Gi a =0 [it is obtained by using 
the second line of Eqs.(f4~3|)1. If Q a are the weak improper conserved non-Abelian Noether 
charges and Q™' the strong improper conserved ones, we get [its meaning is equivalent to 
/ d 3 xT a (x,x°)=0] 

Q a = ~g- 2 J d 3 xG° la (x,x°) = -c abc J d 3 xF b ok (x,x°)A k c (x,x°)+g 2 J d 3 xJ° a (x,x°) = 
= J d 3 x[-c abc A b (x, x°) ■ E c (x, x°) + ig 2 iP\x, x°)T>(f, x°) - 
- g 2 Mx,x°)f a <p(x,x°) - ^{x,x°)f a ^{x,x°))] = 
= g 2 J d 3 x[-c abc A b (x, x°) ■ 7? c (x, x°) + i^(x, x°)T a tp(x, x°) + 
+ 7ie b (x,x )V b - a 1 (6(x,x°))} = Q Fa + Q ea = 

=Q a v) =g 2 Jd 3 xV a °(x,x°) = 

= J d 3 xd k F ko {x,x°) =g 2 J d 3 xd- n a (x,x°) = J dt ■ E a {x,x°), 

(47) 

where Qfo, and Qe a are the non-Abelian charges (in units of g) of the fermion fields 
and of the complex Higgs field. They are gauge covariant due to the assumed bound- 
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ary conditions Q. For a = a a T a = const., one speaks of improper "global" [or "rigid" 
or "first kind"] gauge transformations [under them the gauge potentials transform gauge 
covariantly [f|: A i— > U~g id AU rig id\; the generator of the infinitesimal improper gauge 
transformations is G[a] = — J d xa a (x,x°)T a (x,x°) = — J drx[j? a (x, x°)D ab a b (x,x°) — d ■ 

(a a (x, X )7T a (x, X°))} = aa =const. ~ I d 3 XC abc 7l a (x, X°) ■ A b a c + J2a ®aQ^ '■ 

In the SU(2) phase, Q a =Qi v ^ is the Gauss theorem associated with the long-range mass- 
less SU(2) interaction: the flux at space infinity of the non-Abelian electric field is equal 
to the total non-Abelian charge of the fermions and of the charged complex Higgs fields, 
dressed with their Coulomb clouds, with the additional information that the Higgs non- 
Abelian charge is carried by the phases 9 a (x). The Dirac observables for the non-Abelian 
charges Q a could be evaluated with the method of Ref. [§]]. 

On the contrary, in the Higgs phase Q^f = because the electric fields E a decay at 
infinity due to the generated mass of the SU(2) fields (the interactions have become 
short-range). Therefore, in presence of spontaneous symmetry breaking through the Higgs 
mechanism, we loose the Gauss theorem; Eq.(f47D only says that QFa= — Qe a , like in the 
Abelian case of I, before doing the canonical reduction to the Dirac observables; but this 
is the statement that each fermion and vector field is going to be dressed by a Higgs cloud 
of would-be Goldstone bosons 9 a (x). In the Higgs sector, the original SU(2) local gauge 
symmetry is reduced to a global one, under which the Lagrangian density ( pTf ) is invariant. 
This implies that the non-Abelian charges Qfu become ordinary Noether constants in the 
Higgs phase. Their expression in terms of Dirac observables (in units of g) is 

Q Fa = J d*x[c abc A h (x,x°)- E c (x, x°)+ty'*(x, x°)T a ^'(x,x°)} 

{QFaiQFb} = CabcQFc- (48) 

iii) Let us remark that, since in the Higgs phase the Gauss law constraints are solved 
algebraically in the Higgs momenta, we did not need to make additional assumptions about 
the functional space the gauge potentials and gauge transformations belong to as in Ref. 
0| to avoid Gribov ambiguity. However the assumptions of Ref. [|J are necessary to find 
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the Dirac observables of the other phases, because only in this way all forms of Gribov 
ambiguity are avoided: in this way neither any gauge potential nor any field strength has 
a nontrivial stability subgroup of gauge transformations [otherwise, for gauge potentials 
one has "gauge symmetries" and the associated stratification of the constraint manifold 
and of the reduced phase space, while for field strengths one has the problem of "gauge 
copies"]. In particular, without these assumptions, there exist special gauge potentials 
Aan(x) with nontrivial (i.e. different from the center of the group of gauge transformations) 
stability subgroup; the gauge transformations U belonging to these subgroups are covariantly 
constant [Djf^U = 0] and are called "gauge symmetries" of these gauge potentials, which 
correspond to reducible connections on the principal bundle of the theory. For G = SU(2) 
the only possible stability subgroups are U(l) and Z 2 ; with each inequivalent U(l) C SU(2) 
is associated a stratum of reducible gauge potentials (connected by gauge transformations) 
with reduced structure group H=U(1) and with stability subgroup (or stabilizer) of gauge 
transformations Zsu(2)[U(l)] = U(l) [Zq(H) = {a G G\ab = ba for each b G H} is the 
centralizer of H in G]. For G ^ SU(2), if H is the reduced structure group of a stratum 
(H also is the holonomy group of all thew connections in the stratum), then its gauge 
potentials have Zq(H) as stability subgroup of gauge transformations with H ^ Zq(H) in 
general; the selection of one of these strata, when the function space allows their existence, 
is a kind of symmetry breaking since G (the structure group of the main stratum without 
gauge symmetries) is reduced to H; if also the field strength has a stability subgroup Gp 
of gauge transformations (U G Gp iff [U, F^T 11 } = 0), one has Gp D Z G (H) with H C G 
(and, if vr 1 (G) 7^ 0, each stratum has disjoined components) and there are "gauge copies" 
A = U~ l AU + U~ 1 dU of each gauge potential A in the stratum with the same field strength 
-fa/ni4Al = -^a/ii/[^4]- Only in function spaces allowing the existence only of irreducible gauge 
potentials [all of them have G as holonomy group], one has H=G and Gp = Zq{G) = Zq 
\Zq is the center of G] and there is no Gribov ambiguity. 

As shown in Ref. |27| , the existence of reducible gauge potentials has implications for 
the non-Abelian charges associated with them. Let = A^T 0, be a gauge potential 
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with holonomy group H C G [T a are the generators of the Lie subalgebra gu of the Lie 
algebra g of G] and stability subgroup Z G (H). Since G g H , one has that also the 
corresponding Euler-Lagrange equations belong to gu'- L^T a = (D^ A \P^ + g 2 j£)T a G g H . 



If f/ = II + a a T a G Zg(H) is an infinitesimal gauge symmetry of then D^ctb = 0. In 
the Noether identities of Eq.§|) one has G% = 0, G^ a f a = J£T a G gz G {H) [the Lie algebra 
of Z G (H)}, dpC = d^aaG^ + aad^G^ = L^8i[) — S^L^ — L^iSfa — S(f)*L^ i; so that Eqs.(g3|) 
are replaced by 

G? a f a = J£f a G g ZG{H ) 

d^ la f a = (L^T> + 4>T a L^ + L+if'fc - <p*f a L r i)f a = 0. (49) 

There is only the weak improper conserved Noether charge 

Q a f a = J d 3 xJ° a (x, x°)f a G g Za(H) . (50) 

This charge has in general two components, Q a T a = Q\ + Q2 G gz G (H), with Qi = QiaT a G 
9z G {H) H g# and Q2 = Q2 a T a in gz G (H) but not in While Q2 is only a Noether charge 



determined by the matter fields [a flavourlike charge in the terminology of Ref. [27J], there 



is another form associated with Qi, because one can use in it the valued Euler-Lagrange 
equations L~T a =0: Q2 = J d 3 xJ~T a = —g~ 2 J D^F^°T a . Therefore, Q\ may be reexpressed 
only in terms of the Yang-Mills field [itis a dynamical charge in the terminology of Ref. |27| 



as in the standard case of the Gauss theorem, and it can be shown [^7]] that the charges Q\a 
are U(l)-charges corresponding to the Abelian part of Zg{H); instead the charges Q2a are 
non-Abelian. 

In our case with G=SU(2), the only possibility is H = Zq{H) = U(l) and there is only 
an Abelian charge Qi associated with reducible gauge potentials. 

iv) As said in I, to recover Lorentz covariance one has to reformulate the theory on space- 
like hypersurfaces as shown in Refs. [^ Jl~5| , [T6| JTJ| . This reformulation produces an ultraviolet 



cutoff, because a classical unit of length p = y/—W 2 /P 2 emerges [the space domain over 
which the noncovariance of the canonical center of mass of the field configuration extends] , 
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when we restrict to massive Poincare representations, P 2 > 0, W 2 ^ 0. However, it is not 
yet clear how to use this physical cutoff in the quantization of nonlocal and nonpolynomial 
theories. 

v) In a future paper we will unify the results of this paper and of Refs. ffll]] to determine 
the Dirac observables of the standard SU(3) x SU{2) x U(l) model. 
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